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Abstract—The study of nuclear structure plays an important role in understanding the properties and stability of heavy elements.
This work presents a theoretical study on the structural properties of californium (Cf) isotopes in the mass number range 200–300.
The Dirac-Hartree-Bogoliubov (DIRHB) model, which offers a self-consistent description of nuclear structure, is used to conduct
the analysis within the framework of relativistic mean-field theory. Through important nuclear parameters such binding energy per
nucleon, charge radius, root mean square (RMS) radius, two-neutron separation energy, and quadrupole deformation parameter (𝛽2),
the study aims to comprehend the behavior of heavy nuclei. The study examines how nuclear structure changes as the number of
neutrons increases and finds patterns in nuclear stability, deformation, and shell effects. The results obtained from this study provide
important findings into the structural characteristics of Californium isotopes, mainly in regions where experimental data is limited or
unavailable. This work advances our knowledge of nuclear structure in the actinide area and demonstrates how well the DIRHB
model describes the characteristics of heavy nuclei. The findings also help extend the nuclear landscape for californium isotopes and
provide a basis for future theoretical and experimental studies in nuclear physics. The present work confirm the possibility of having
shell closure or midshell closure at N=138.
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1. INTRODUCTION

The study of nuclear structure is essential for under-
standing the stability, shape, and properties of atomic nuclei
especially in the region of heavy and super-heavy elements. To
study these complex system accurately, advanced theoretical
models and computational methods are needed, one of the
widely used approaches is the relativistic self-consistent mean
field framework, which provides reliable description of nuclear
properties across the entire nuclear chart. In this work, we
have chosen to focus on the heavy nucleus of Californium.
Californium is a synthetic (man-made) element and belongs
to the actinide series in the periodic table. This element has
a very large and unstable nucleus, containing a high number
of protons and neutrons, which makes it highly radioactive.
By using californium as a case study, this work connects
theoretical concepts of heavy element formation with a real
example of a heavy nucleus. The study of nuclear structure,
particularly for heavy and superheavy elements, is essential
for understanding the fundamental properties of atomic nuclei.
Heavy nuclei show complicated behaviors like deformation,
pairing correlations, and shell effects. These behaviors are
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very important for figuring out their stability and structure.
Elements like Californium, belonging to the actinide series, are
more importance due to their large mass number and significant
applications in nuclear science and technology. Many studies
have focused on understanding their physical, chemical, and
nuclear properties [1], [2], [3]. The understanding of nuclear
structure has been significantly improved by theoretical models,
particularly mean-field methods, which play a crucial role in
its study. The Hartree-Fock-Bogoliubov (HFB) framework
has therefore been established for explorations of ground-state
properties of nuclei, capturing simultaneously mean-field and
pairing correlations. These models incorporate nucleon in-
teractions, pairing effects, and shell corrections, providing a
fundamental understanding of nuclear behavior. But as we
approach the regime of heavy nuclei, relativistic effects also
start to play an important role and relativistic extensions have
been developed such as the Relativistic Hartree-Bogoliubov
(RHB) model. Experimental studies are limited for many heavy
nuclei, especially in unexplored regions so theoretical models
are essential for predicting their structural properties and be-
havior. In our previous study we have noticed some peculiar
behaviour around neutron number N=138 in thorium isotopes
[4]. This study motivate us to check whether this behaviour is
observed in other actinides also. Here we have considered only
few structural behavior of Californium isotopes.
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2. THEORETICAL FORMALISM

Mean field theory is one of the most important approaches
used to describe the structure of atomic nuclei. In nuclear
physics, the many-body problem (many nucleons interacting)
is very complex. Mean field theory simplifies this by assuming:
Each nucleon moves independently in an average potential
(mean field) created by all other nucleons.This converts the
problem into a one-body problem, making calculations possible.
This approach allows for accurate and computationally feasible
descriptions of nuclear properties.

Relativistic Mean Field (RMF) theory is a sophisticated
methodology employed to characterize the structure of atomic
nuclei, especially heavy nuclei. In this framework, nucleons
are regarded as relativistic particles and are characterized by
the Dirac equation rather than the Schrödinger equation. The
Lagrangian density is the starting point of RMF theory. It
shows the system’s total energy and includes contributions
from free nucleons and their interactions:

L = L𝑁 + L𝑚 + Lint

The free nucleon part of the Lagrangian is given by:

L𝑁 = 𝜓̄
(
𝑖𝛾𝜇𝜕𝜇 − 𝑚

)
𝜓

with m being the bare mass of a nucleon. L𝑚 is the Lagrangian
of the free meson field and the electromagnetic field.
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In equations (2) and (3), 𝜓 represents the Dirac-spinors and
𝜎, 𝜔 and 𝜌 represent the isoscalar-scalar meson, the isoscalar-
vector meson and the isovector-vector meson, respectively. The
corresponding masses of these mesons are 𝑚𝜎 , 𝑚𝜔 , and 𝑚𝜌

and 𝛺𝜇𝜈 ,
−→
𝑅 𝜇𝜈 , 𝐹

𝜇𝜈 are the field tensors with,

𝛺𝜇𝜈 = 𝜕𝜇𝜔𝜈 − 𝜕𝜈𝜔𝜇 (2)
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and
𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇 (4)

The interaction term 𝐿𝑖𝑛𝑡 is,
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(5)

with 𝑔𝜎 , 𝑔𝜔 , 𝑔𝜌 and e being the coupling constants[5]. From
this Lagrangian density, the Hamiltonian density was obtained
by the Legendre transformation.
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Equations 7, 8, 9 and 10 represent entities called the isoscalar-
scalar density, isoscalar-vector current, isovector-vector current
and electromagnetic current, respectively. Here, the summation
index runs over the occupied states in the Fermi sea of positive
energy. By integrating equation (8) over the r-space, we obtain
the total energy [5] as a function of the meson fields and Dirac
spinors. The total energy is,

𝐸𝑅𝑀𝐹 [𝜓, 𝜓̄, 𝜎, 𝜔𝜇, 𝜌𝜇, 𝐴𝜇] =
∫

𝑑3𝑟H(r) (11)

This basic model, which includes interaction terms that
are only linear in the meson fields, does not offer a precise
or quantitative description of complex nuclear systems [6, 7].
Hence, it appears more appropriate to adopt the approach
proposed by Brockmann and Toki [8], which involves using
density-dependent couplings. In this framework, the coupling
constants 𝑔𝜎 , 𝑔𝜔 , and 𝑔𝜌 are considered to be vertex functions
associated with Lorentz-scalar bilinear expressions of nucleon
operators [5]. In many applications, the couplings between
mesons and nucleons depend on the vector density, which can
be expressed as 𝜌𝑣 =

√︁
𝑗𝜇 𝑗

𝜇 with the nucleon four-current 𝑗 𝜇 =

𝜓̄𝛾𝜇𝜓. In RMF theory, meson fields mediate the interaction
between nucleons. Using the mean field approximation, these
meson fields are replaced by their average values, which makes
the problem much easier to solve. The scalar field creates an
attractive force, and the vector field explains the repulsive force
inside the nucleus. The mean field approximation applied to
the Lagrangian yields the Dirac equation for nucleons in the
context of scalar and vector potentials:
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[−𝑖𝜶 · ∇ + 𝛽 (𝑚 + 𝑆(𝑟)) +𝑉 (𝑟)] 𝜓𝑖 = 𝜖𝑖𝜓𝑖

where 𝑆(𝑟) is the scalar potential and 𝑉 (𝑟) is the vector
potential. These potentials arise from the interaction terms and
depend on the nucleon densities.

The vector potential can be expressed as:

𝑉 (𝑟) = 𝛼𝑉 𝜌𝑣 + 𝛼𝑇𝑉𝜏3𝜌𝑡𝑣 + 𝑒𝐴0 +
∑︁
𝑅

This equation shows how the nuclear mean field is con-
structed from different density-dependent terms. Thus, RMF
theory provides a self-consistent framework for describing nu-
clear structure by combining relativistic dynamics with mean-
field interactions, making it particularly suitable for studying
heavy nuclei.

3. RESULTS AND DISCUSSION

We have studied the different structure properties of Cal-
ifornium isotopes from mass number 200 to 300 by using
DIRHB code. The structure properties included Binding en-
ergy per nucleon, Charge radius, RMS radius, Two neutron
separation energy, and Beta deformation parameter.

3.1 Binding Energy

Binding energy of a nucleus is the energy used to bound
together the constituents protons and neutrons or it is the energy
that we should provide to break the nucleus into nucleons. We
have calculated the binding energy per nucleon for even-even
nuclei of Californium isotopes in a range of mass numbers
200 to 300 using . The output relativistic mean field theory.
The obtained data are compared with the reference data and
they are in good match with it [9]. The graph of binding
energy per nucleon along with some experimental values are
given in figure 1. The graph shows a good agreement with
the experimental values. The energy first decreases up to a
neutron number 138, the minimum value is shown at the neutron
number 142 and then starts to increase slowly up to N=160 and
then increases gradually. The increase in binding energy per
nucleus shows, how strongly the nucleons are bounded within
the nucleus or how much energy we should apply to separate
one nucleon, more the binding energy, more stable. Thus from
this observation, we can assume that the region N=138 (A=234)
to N=160 (A=258) is a valley of stability. Also this is the region
that includes in the nuclear landscape chart. But at N=138, an
unusual bump can be seen , which indicate the sudden shape
transition.
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Figure 1: Variation of Binding energy per nucleon with Neutron
number of 200−300𝐶 𝑓 obtained from DIRHB and compared
with available data [9]

3.2 Charge Radius

Charge radius is the distance from the center of nucleus
to the proton clouds inside the nucleus. It helps to understand
the spacial distribution of positive charge inside the nucleus.
For heavier nuclei, as it has not a spherical shape. The charge
radius for spherical symmetry can be calculated by the equation

⟨𝑟2⟩𝑝 =

∫ ∞
0 𝜌𝑝 (𝑟) 𝑟4 4𝜋 𝑑𝑟∫ ∞
0 𝜌𝑝 (𝑟) 𝑟2 4𝜋 𝑑𝑟

(12)

Where, 𝜌𝑝(r)= Charge density distribution.
⟨𝑟2⟩= Mean square charge radius, representing the average of
the squared distance from the center.

𝑟ch =

√︃
⟨𝑟2⟩𝑝 (13)

Generally for all shapes including spherical and deformed
shapes we can calculate charge radius by the equation:

𝑟ch =

√︃
⟨𝑟2⟩𝑝 + 𝑟2

𝑝 (14)

The charge radius explains how is the distribution of protons
inside a nucleus [10].

We have calculated the charge radius for even-even nuclei
of Californium isotopes in a range of mass numbers 200 to 300
and output is plotted in graph Figure 2. The obtained data are
compared with the reference data and they are in good match
with it [11, 12]. The graph shows an increase in radius with
respect to the neutron number. It is not a linear increase in the
beginning i.e, from the neutron number 100 to 138. after 138,
the curve is almost linearly increasing and almost matches with
the experimental data. As the number of neutrons increases,
the nuclear size increases, so radius also increases, but here
we should consider deformations also. At the points N=126,
and 184, the nucleus appear a spherical shape because 126 is
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magic number where shell closure attains and 184 is a centre of
island of stability, the experimental results are still out of reach
but reliable theoretical prediction are crucial for directing [13].
In the region N=100 to 118, the energy is increasing slowly.
At a region 120 to 126, a sudden drop because of the shell
closure at 126. Nucleons become more tightly bound so charge
radius will be small. From 128 to 136, a gradual increase in
energy occur because of starting of deformation again after the
spherical shape, but the sudden dip at 138 shows the stability
by attaining spherical shape again. This is also clear from its
beta two values.

At the region, 𝑁 ≈140 to 155 another theoretical data
(red coloured) shows a large deviation. This data is calculated
from the experimental 𝛼-decay energies and half life using
a theoretical framework based on WKB (Wentzel-Kramers-
Brillouin), GDDCM (Generalized density dependent cluster
model) models [12]. So it is an indirect calculation, and if
the half lives and decay energies have significant uncertainties,
the resulting charge radii exhibit large deviation. But DIRHB
calculations are direct calculations so will be more accurate.
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Figure 2: Variation of charge radii of Californium isotopes
with neutron numbers and compared with the data of [11, 12]

3.3 RMS Radius

The total root mean square radius of a nucleus describes
the average spacial extention of nucleons. The total root mean
square (RMS) radius of a nucleus is defined as:

𝑟rms =
√︁
⟨𝑟2⟩ (15)

where

⟨𝑟2⟩ = 1
𝐴

∫
𝑟2𝜌(𝑟) 𝑑3𝑟 (16)

𝑟2
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𝐴
𝑟2
𝑛 (17)

𝐴: Total number of nucleons (mass number), equal to
𝑍 + 𝑁 .
𝑟: Distance of a nucleon from the center of the nucleus.
𝜌(𝑟): Total matter density distribution (protons and neutrons).

Here we are calculating total rms radius, so that the shape
and properties of nuclei can analyse as it gives the true size
of the nucleus. In heavy nucleus the neutron distribution
dominates the growth so neutron rms radius will be greater
than that of proton and thus the total rms radius will increase.
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Figure 3: Variation of rms radii of Californium isotopes with
the neutron number and compared with [11]

We have calculated the rms radius for even-even nuclei
of Californium in a range of mass numbers 200 to 300 using
the DIRHB code. The output data is plotted in figure 3. The
obtained data are compared with the reference data and they
are in good match with it [11]. The rms radius curve is almost
similar to the charge radii curve. It also show totally an increase
with respect to the increase in neutron number as physically
expected. But it shows good agreement with the reference
values. In the region N=118 to 126 a sudden dip and a small
flattened region is visible it is because of the shell closure at
the magic number 126. And the density distribution will be
more compact.

From 130 to 136, a small increase due to starting of
deformation again and a sudden dip at the N=138, which again
says about a shell closure or midshell closure at 138, like in the
charge radius graph. After N=160, the graph shows a steady
increase, no sharp shape transitions. From this graph, we get
that at small neutron numbers, nucleons occupy at discrete
energy levels and the shell effects are high. But as the nuclei
become bigger and bigger, shell effects less dominate, neutron
distribution spreads out more so radius starts increase faster.
At higher neutron numbers the behaviour is like liquid drop
model. The small deviation at 138 arises because, the data in
blue color is taken from mass table by Peng Guo et al.[11], in
which they uses different density functional PC-PK1, but in
our calculation we used the density functional DD-PC1.
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3.4 Separation energy

The separation energy is very important quantity that
measures the energy required to remove a single nucleon or
a group of nucleons from a nucleus. It provide an idea of
binding energy and the structure of nuclear energy levels.
Separation energy is directly related to the binding energy. It is
mainly used to study about decay processes and other nuclear
reactions and the nuclear properties like shape especially for
heavy nuclei. Separation energies define the ultimate limits of
nuclear existence. For most stable nuclei, separation energies
are roughly 6-10 MeV. The neutron separation energy is the
energy required to remove one neutron from the nucleus 𝑆𝑛.
The proton separation energy is lower compared to the neutron
separation energy, this is because of the repulsive force between
the protons. 𝑆𝑝 and 𝑆𝑛 will become zero at proton and neutron
driplines respectively. The difference in binding energy of
adjacent nuclei gives separation energy this is explained by the
equations

𝑆𝑛 (𝑍, 𝑁) = 𝐵(𝑍, 𝑁) − 𝐵(𝑍, 𝑁 − 1) (18)

𝑆𝑝 (𝑍, 𝑁) = 𝐵(𝑍, 𝑁) − 𝐵(𝑍 − 1, 𝑁) (19)

The two neutron separation energy is the energy needed
to remove 2 neutrons from the nucleus. The nucleons have
tendency to form pairs. So More separation energy is required
to remove nucleon from an even-even nuclei than an even-odd,
or odd-odd nuclei.

We have calculated the two neutron separation energy for
even-even nuclei of Californium isotopes in a range of mass
numbers 200 to 300 and graph is plotted in figure 4. The
obtained data are compared with the reference data [11] and
they are in good match with it. In this graph we can see a total
increase of the separation energy as neutron number increases
which matches with the physical theory, as the neutron increases,
the shells in which they have to be filled will be less tightly
bound. So the neutron separation energy will decrease. In the
graph, it is negative values hence shows an increasing trend.
A significant variation is seen at neutron numbers N= 138.
Throughout the isotopic evolution, the shape of nuclei varies
between prolate and spherical shapes. The sudden bumps in
the graph is because of attaining stability by the nucleus at
or about that neutron number, the high peaks may indicates a
sudden change from highly deformed shape to stable spherical
or vice versa. The region 126 is well known magic number, so
the shape of nucleus become spherical and become more stable
so the energy needed to remove two neutron will increase. The
nucleus may highly deformed and becoming stable spherical
shape at the points N= 138, that may the reason for the sharp
transition, also it is supported from the binding energy per
nucleon graph, as the 𝑆2𝑛 values are calculated from that. Next
bump can be seen at 184, which is also a region of stability [1],
[13]that is nucleus approaches spherical shape.
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Figure 4: Variation of two neutron separation energy of cali-
fornium isotopes with neutron number and compared with the
reference data [11]

3.5 Quadrupole Deformation Parameter 𝛽2

It is a numerical quantity that describes the degree of
deformation from the spherical shape. This Quadrupole de-
formation occurs only when the valence shell is unfilled. The
equation connecting 𝛽2 and reduced transition probability is.

𝛽2 =
4𝜋

3𝑍𝑅2

[
𝐵(𝐸2) ↑ 𝑒2𝑏2

𝑒2

]1/2
(20)

where, R is the average radius

𝑅 = 𝑅0𝐴
1/3 (21)

where, 𝑅0 = 1.2 𝑓 𝑚

The equation connecting quadrupole moment and reduced
transition probability is

𝑄0 =

[(
16𝜋

5

)
𝐵(𝐸2)𝑒2𝑏2

𝑒2

]1/2
(22)

An equation connecting quadrupole moment and 𝛽2

𝑄0 =

(
16𝜋

5

)1/2
𝛽2

3𝑍𝑅2

4𝜋
(23)

The deformation parameter 𝛽2 has different ranges over different
shapes. When its value is less than 0 (𝛽2 < 0) the nuclear shape
will be oblate. When it is equal to zero (𝛽2 = 0) the shape
is spherical. when it is greater than 0 (𝛽2 > 0), the shape is
prolate.

We have calculated the 𝛽2 deformation parameter for even-
even nuclei of Californium in a range of mass numbers 200
to 300 using the DIRHB code. The output graph is plotted in
figure 5. The obtained data are compared with the reference
data [14, 15, 16] and they are in good match with it. The
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values of 𝛽2 deformation parameters are directly taken from
the output of the code, and it gives a direct relation to the shape
of nuclei. From the obtained values, we can understand that,
the Californium nuclei are prolate and spherical shaped. The
graph shows strong deformation at low neutron number sudden
drops at certain values in the middle and another sudden dip at
the neutron number 184. From N ≈ 100 to 116 𝛽2 is large and
nuclei are strongly prolate. May be the arrangement of charged
protons within the nucleus with less neutron number and trying
to reduce maximum repulsive force between them is leading
to this shape. The nuclei are far from closed shells, many
valence nucleons has strong quadrupole correlations and leads
to collective rotational motion. From a region N≈ 118 to 126
the 𝛽2 ≈ 0, as we know 126 is magic number, so there attains a
shell closure. From 128 to 136, again the shape is deformed, it
may be because of the valence neutron starts filling in higher
orbitals. A sudden drop is there at 138, which indicates a shell
closure or shape transition. Between 140 and 160, a moderate
stable deformation can be seen. It is not near shell closure,
but almost a stable deformation. By looking at the values of
𝛽2, from 168 to 192 the shape is almost spherical and there
may be a strong shell closure at 184, hence the dip. From that,
deformation again starts and from 1994 to 202, the shape is
again prolate, hence a gradual increase in that region.
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Figure 5: variation of 𝛽2 values of Californium isotopes with
neutron number and compared with the reference data [14, 15,
16]

4. CONCLUSION

In the present work , we explore the nuclear structure prop-
erties of californium isotopes in the mass number range 200
to 300. The primary objective was to analyse how important
nuclear parameters such as binding energy per nucleon, charge
radius, root mean square (RMS) radius, two-neutron separation
energy, and quadrupole deformation parameter (𝛽2) vary with
neutron number and to identify the variation around neutron
number N=138. These nuclear properties were evaluated using
a relativistic mean-field framework based on the Dirac-Hartree-
Bogoliubov (DIRHB) model, which provides a self-consistent

description of mean-field and pairing correlations in heavy
nuclei. The results were obtained and analyzed separately
for each isotope, and the corresponding graphs were plotted
to study the variation of nuclear properties. The selection
of the isotopic range was guided by the nuclear landscape,
allowing the study to extend into neutron-rich regions where
experimental data is limited and nuclei are highly unstable.
Due to the scarcity of experimental information for many of
these isotopes, a direct comparison with experimental results
was not always possible. Instead, the focus was placed on
systematically analyzing and interpreting the predicted values
obtained from the DIRHB model. For validation and reliability,
available experimental and theoretical data from published
literature were used for comparison wherever possible. A key
aspect of this study was to investigate the evolution of nuclear
structure properties with neutron number. For each parame-
ter—particularly binding energy per nucleon, charge radius,
RMS radius, two-neutron separation energy, and quadrupole de-
formation parameter (𝛽2)—the results were carefully analyzed
to understand trends related to nuclear stability, shell effects,
and shape transitions. In conclusion, it can be stated that the
role of shell effects and nuclear deformation in affecting some
important nuclear properties has been clearly demonstrated by
this study using a large number of Californium isotopes. We
have observed that interesting behavior in californium isotopes
also. So this study also evident for shell closure or midshell
closure at neutron number N=138.
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